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Let X be an abelian variety over an algebraically closed field k of dimension 
g. For a closed irreducible subvariety Y of dimension d in X, we let S denote 
a Zariski dense open subset of its regular locus Yreg- For the conormal bundle 
Ps : Tg{X) — )■ 5* let Ay denote the closure of Tg{X) in the cotangent bundle 
T*(X) of X. The cotangent bundle is trivial for an abelian variety. With respect 
to the decomposition 

T*{X) = X X T*{X) 

its bundle morphism px '■ T*(X) X is given by the projection on the first 
factor. The corresponding structure morphism py ■ Ay — F is defined by the 
upper horizontal map of the diagram 



Ayf ^T*{X)^^X , 



Ks '-^ 

using that the image of py is contained in Y, since Y is the Zariski closure of S and 
Ay is the Zariski closure of A^. Notice, dim(Ay) = g implies dim(Ay \ A5) < g. 
For y E S let A^^ denote the fiber Pg^{y), which is the conormal space N*{Y) 
of Y in T*{X) at the point y. By a translation, T*{X) will be identifed with its 
image in T*{X) = -y + T;{X), so 

ks,y c n{x) . 

For Ay C T*{X), now the projection T*{X) -> T^iX) on the second factor 
induces the GauB mapping 

7:Ay->To*(X). 

The image under the GauB mapping of A = {y,T), with components y E Y 
and r G Ay^ C Tg*(X), is r G Tq*(X), whereas the image under the structure 
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morphismpY : Ay — > y is the first component y eY d X . Since, for y & S, the 
vector r is a conormal vector r G Ty^y lx) C T*{X) = T^{X) via translation, 
the linear form r annihilates the tangent space Ty(Y) of Y at y. 

The case F = X is exceptional; in this case the image 7 (Ay) of the GauB 
mapping is contained in {0}. For F 7^ X, we may remove both the closure of the 
zero section in Ay and the zero section in T*{X) to obtain a proper morphism of 
the associated projective conormal bundles 

P7 : PA5 ^ ^T*{X)) . 

Obviously, for y 7^ X, the mapping P7 is dominant if and only if the mapping 
7 is dominant. Therefore we may ignore the trivial vector r = in Tq(X) in 
subsequent arguments. Furthermore, if 7 is not dominant, the image P(Ay) is a 
closed subvariety of P(Tq (X)), hence contained in a hypersurface defined as the 
zero locus of some nontrivial homogenous polynomial on Tq*(X). 

Since dim(Ay) = g, hence for y 7^ X the following assertions are equivalent 

(a) dim(7(A)) < g 

(b) The proper morphism P7 : PA5 ¥{Tq{X)) is not dominant. 

(c) The image 7(A5') of the GauB mapping is contained in the zero locus of a 
nontrivial homogenous polynomial F on Tq (X). 

(d) 7 : Ay ^ Tq{X) is not dominant. 

(e) 7 : Ay ^ ^0* (^) is not generically finite. 

(/) For any point y of general position in S there exists a curve C in 5 contain- 
ing y, which is contracted by 7. 

Similarly one defines the GauB mapping 7 for reducible closed varieties Y. In 
this case the GauB mapping is dominant if and only if the GauB mapping of one 
of its irreducible components is dominant. 

An irreducible variety y in X will be called degenerate, if there exists a pos- 
itive dimensional abelian subvariety A C X such that A + Y — Y . (This notion 
differs from the one used in [R]). Our main result is 
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Theorem 1. For a closed irreducible subvariety Y of X the following asser- 
tions are equivalent 

• The Gauss mapping 7 : Ay — > Tq{X) is not dominant. 

• Y is degenerate. 

The mapping defined on S, which assigns to each point y e the tangent 
space Ty{Y) in Ty{X), gives rise to another GauB mapping F, now with image in 
a GraBmann variety 

r -.S^Grid.g) . 

Again the tangent spaces Ty{X) are considered in To(X) via translation by y & X; 
and r and 7 can be identified in the cases d = 1 and d = g — 1. 

The next theorem reproduces theorem 4 of [A]. See also [R], chapter II. 

Theorem 2. For a closed irreducible subvariety Y of X the following holds: 
If the Gauss mapping V : Ay — )> Gr{d, g) is not generically finite, then the Gauss 
mapping 7 : Ay Tq{X) is not dominant; and hence Y is degenerate in the 
sense above. 

Proof of Theorem 2. If F is not generically finite, then through any point y 
of S in general position there exists an algebraic curve C containing y, which is 
contracted under F. So for y' in C we have Ty{Y) = Tyi{Y) in Tq{X) and hence 
Ks,y = N;Y = N;,Y = As^y. Thus v) = -{{y' , v) for all v e As,y C T*iX). 
Therefore C x {v} C As is contracted by 7 for all v G N*{Y) C Tf{X). Hence 
there exist points in general position contracted by 7. Thus the GauB mapping 
7 : A5 — > T^{X) is not dominant, and by theorem 1 there exists an abelian 
subvariety A of dim{A) >OmX such that A + Y ^Y. 

Concerning the proof of Theorem 1. To show that the first assertion implies 

the second, will cover the next sections. The converse is rather trivial: For A C X 
of dim(A) > 0, consider the image F of F in the quotient B = X/A. Notice 
that A + Y = Y implies Ty{A) C Ty{Y), hence Ay,j, C T*{B). Therefore 
7(A5) = 7(Ay) C Tq{B) holds, for the corresponding GauB mapping 7 of y in 
B. Thus dim(7(A5)) = dim(7(A5)) < dim(5) < dim{X) = g, and therefore 
the GauB mapping 7 : Ay — > Tq{X) is not dominant. 

The converse assertion of theorem 1 will be proved by induction on the dimen- 
sion d of Y. The case = is trivial. So in the following let us fix some d > 0, 
and suppose that theorem 1 already holds for irreducible subvarieties Y' c X' of 
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dimension dim(y ) < d oi arbitrary abelian varieties X'. This assumption will 
be maintained during the proof almost until the end of the paper. Furthermore, it 
is easy to see that for the proof, without restriction of generality, we may assume 
that Y generates X 

{Y)=X. 

Under these conditions, we will then show that the assertion of theorem 1 also 
holds for varieties Y of dimension d. 

Before we proceed with the proof, we quote from [A] the following 

Characterization of degenerate subvarieties 

For a reduced, irreducible subvariety Y of an abelian variety X define 

Z{Y) ^ {y eY \ 3X' C X, X' closed subgroup, dim(X') >0,y + X' cY} . 

Then according to loc. cit. the following assertions hold 

Proposition 1. Suppose Y is Zariski closed in X, then Z{Y) is Zariski closed 
inY. 

Proposition 2. Suppose Y is closed in X and Z{Y) — Y holds. Then Y is 
degenerate. 

In loc. cit. this is stated in the more general context of semiabelian varieties. 

Lemma 1. Suppose U C F is a Zariski open dense subvariety, and Y is closed 
in X. Then Z{U) = U implies Z{Y) = Y. 

Proof. Indeed Z{U) C Z(Y) by definition. Hence proposition 1 implies 
y = [7 = Z{U) C Z{Y). Hence Z = Z{Y), which proves the lemma. □ 

Remark 1. With lemma 1 in mind we often replace Y by some Zariski dense 
open subset U contained in the nonsingular locus S — Y^^g of Y. We then tacitly 
write U — Shy abuse of notation. 

Remark 2. Suppose Y, or a Zariski open dense subset U of Y , is a union 
of not necessarily finitely many subvarieties F. Then Z{F) — F for all the F 
implies Z(U) = U, hence Z{Y) = Y. 
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Exact sequences of abelian varieties 

1) For a nontrivial abelian subvariety X' d X of dimension < 51 we have the 
quotient mapping 

q:X^X^ X/X' . 

The image F of y is considered as a closed irreducible variety of X endowed 
with the reduced subscheme structure 




Y generates the nontrivial abelian variety X, by our assumption (F) = X. Hence 
dim(y ) > 0. Therefore the fibers Fy of the morphism q:Y ^Y have dimension 

dim(Fy) <d = dim(F) . 

For y e y, there exists y e y so that Fy — q~^{y) C y + X'. 

2) Both concerning the assertions and the assumptions of theorem 1, we may 
replace X by a finite etale covering and Y by its inverse image. This allows to 
assume for the proof that X splits (noncanonically) into a direct product 

X^X' xX . 



Therefore, in the following, we often tacitly assume that some splitting of the 
exact sequence exists, and has been chosen. Then 

T*{X) = T*{X') X T*{X) 

and 

Fy = Yn{y + X'). 

3) For (regular) points yi,y2 in Y, such that q{yi) = q{y2) holds in X, the 
fibers Ky^y^ = N*^ {Y) and Ky^y^ = N*^ (Y) usually do not coincide. Let i : X' ^ 
X be the inclusion or, more generally, any of its translates i{x') — y + x'. We 
claim 



5 



Lemma 2. There exists a Zariki dense open subset U of the set of regular 
points of S ofY, such that for regular points y ofY in q~^{U) there exists a 
canonical exact sequence ofvectorspaces 

^ — ^s,y — A^„, ^0 . 

Hence, for fixed y — q{y) in X with fiber Fy in X', the variation of the 
conormal spaces As^y is controlled by the variation of the conormal spaces A'p, y. 
Notice, for a sub variety Y' of a translate of X', we can define Ay/ in T*{X), and 
also Ay, in T*{X'). Hence the prime index will indicate that the ambient space is 
a translate of X'. 

To prove lemma 2. Consider Ty{Fy) Ty{Y) Ty{Y) 0. This exact 
sequence of tangent spaces, at a point y where g is a smooth morphism locally, 
maps to T(X') T(X) T(X) 0. Hence by the snake lemma we get 

— )■ Ny{Fy) — > NyiY) — > NyiY) ~> 0, and the exact sequence in our assertion 
is the dual sequence. This proves the claim. □ 

For completeness, we record that there exists another naturally defined exact 
sequence As^y Ap^^y T^{S) 0. 

4) Since A^ = IJi/es ^s,y, the image 7(Ay) of the GauB mapping in Tq{X) is 
the Zariski closure of the union 

yes 

Here, of course, S could be replaced by any Zariski dense open subset. We con- 
clude that the image of 7(Ay) under the linear mapping 

r*(i) : T*{X) -^T*{X') 

is the Zariski closure of 

T*m\j 7(A5,.)) = u T*mi^s,y)) = u ^'(^'fJ , 

yes yeS yeS 

where 7' : A'^, — )■ Tq{X') denotes the GauB mapping for X' instead of X. 
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Indeed, we have a commutative diagram 

T*(i) 




A', 



T*{X) T*{X') W 



T*{X)^^T*{X') 

possibly after replacing S by some Zariski open dense subset (also denoted S by 
abuse of notation). Thus 



r*(i)(7(Ay)) = [jYi^'Fj- 
yes 

5) Now consider the case where the GauB mapping 

7 : Ay ^ T*iX) 

is not dominant ; in addition we assume Y X. 

Then, for a homogenous polynomial F ^ on T*{X) = T*{X') T*{X), 
the zero locus of F contains the image of the Gauss mapping 7. 

Suppose 

• r' 7^ in Tq{X') is some fixed vector of general position in Tq{X'). 

• r' is contained in the subvectorspace A^_^ of Tq{X'), foryeU C F in 
some fixed Zariski dense open subset U of -S". 

Then, by lemma 2, there exists f in Tq*(X) such that the vector r = (r', f) in 
T*{X') © T*{X) = T*{X) is contained in the linear subspace As,y of T*{X); 
and furthermore 

(r',f)+A^^- C As,y C ^(As)cT*(X). 

Hence the polynomial F vanishes on all the vectors (r', f) + A^ 

Notice, A5. - = X 1^ for some linear subspace WofV = T*{X). For v eV 
there exists an expansion of F{t', v) 

F{t',v) = Frr^yiv) + Fm-l,r'{v) + ... + Fo^^,{v) , 
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where the Fj,y{v) are homogenous polynomials of degree u on V. We may sup- 
pose F := ^ 0, since otherwise F would not depend on the variable v E V; 
and this would give as a contradiction F = 0, since r' in T*{X') is of general 
position by our assumptions. For any v E V and any fixed vector f G V we have 
(symbolically) 

F{v) = lim r"" ■ F{T',f + t-v) . 

Since F{t', f + W) = vanishes, we get: For every v E W C V and any t E k* 
also t~'^ ■ F{t' , f -\-t- v) — Q vanishes. We summarize this as follows: 

• F^QonV = T*{X) 

• F^OonW^ A5 - C T*{X). 

Notice, the polynomial F does not depend on the particular point y E U. It only 
depends on the fixed decomposition Tq{X) = Tq{X') © T^{X) and on the point 
t' in Tq{X'), where the latter is in general position by assumption. We obtain 

Corollary 1. Suppose Y is closed and irreducible in X such that the Gaufi 

mapping 7 : Ay — 7> Tq{X) is not dominant. 7/"0— >-0 with 
< dim(X') < g is given together with t' in -f'{A'p_^y) C T*{i){'y{As)), with 
sufficantly general position in Tq{X'), then the Gaufi mapping 

7 : Ay ^ T*{X) 

is not dominant for all y in a Zariski dense open subset of S CY. 

Proof. For the proof we may assume Y ^ X, since otherwise Y = X and 
the assertion is trivial. So, for y e S,we know (r', f) + A^ - C 7(A5') holds for 
some f, as explained in section 5 above. For v e A^ - therefore F{v) = holds 
with respect to a fixed nontrivial polynomial F on Tq*(X), not depending on y. In 
particular, 7 cannot be dominant. □ 

Proposition 3. For Y closed and irreducible in X suppose 

7 : Ay ^ T*{X) 

is not dominant. Furthermore, given 0— >0 for an abelian 
subvariety Q ^ X' C. X, suppose 

^■.Ky^T^iX) 
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is dominant. Then, for all y in a Zariski dense open subset ofSdY, none of the 
Gaufi mappings 

i : K'^^ ^ T;{X') 

is dominant (the same for the irreducible components Y' of these fibers Fy). 

Proof If 7' : A'^. — )■ Tq{X') is dominant for some y e S C Y in general 
position, there exists a conormal vector r' 7^ of general position in Tq* {X') such 
that 

holds for some point y on the fiber Fy C Y with q{y) = y. By corollary 1 
therefore 7 : Ay — )■ Tq*(X) is not dominant, contradicting our assumptions. □ 

By our induction assumptions, theorem 1 holds for varieties Y' of dimension 
< d. Thus, in the situation of proposition 3, we can therefore apply theorem 1 
to the irreducible components Y' of the fibers Fy in Y. These have dimension 

dim(y) < dim(F) — dim(F) < d for generic y in Y, since Y has dimension > 
by the assumption (Y) = X. In the situation of the proof of the induction step for 
theorem 1, after renaming X' by A, therefore the last proposition implies 

Proposition 4. Suppose Y is closed and irreducible in X of dimension d = 
dim(F) and generates X. Suppose there exists an abelian subvariety A C X 
such that 

• 7 : Ay Tq* (X) is not dominant. 

• 7 : Ay — > Tq{X) is dominant, for the image YofYinX — X/A. 

Then Y is degenerate. 

Proof. The assumptions on the GauB mappings imply A ^ and Y ^ X. 
By the other assumptions X ^ 0. Hence dim(y) > by (Y) — X. Then, 
by proposition 3, all GauB mappings 7' : Ay, — )■ Tq{X') for the irreducible 
components Y' of the fibers Fy (for y in general position) are not dominant. By 
the general induction assumption, underlying the proof of theorem 1, we conclude 
that for all these y the components Y' axe degenerate. Hence Z(Y') = Y', and 
therefore Z{U) — U for some Zariski dense open subset U of y by remark 2. 
Thus Y is degenerate, by proposition 1 and 2. □ 

In the situation of the induction step for theorem 1 the proposition 3 also im- 
plies 
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Corollary 2. Suppose Y is irreducible and closed in X of dimension d and 
generates X. Suppose Y is not degenerate and 7 : Ay — )> Tq*(X) is not dominant. 
Then for any abelian subvariety X' C X, with quotient X := XjX' and image 
Y ofY in X, the Gaufi mapping 7 : Ay — ?> Tq*(X) is not dominant. 

Proof. We can assume dim(X') > 0, so that proposition 4 can be applied. □ 

Fibers of the GauB mapping 
Suppose y C X is irreducible and closed, and suppose the GauB mapping 

7:Ay^r*(X) 

is not dominant. In this section we furthermore assume (Y) — X and Y ^ X.\n 
this setting we now use the following argument as in [R] or [KrW]: Under these 
assumptions all nonempty fibers of the GauB mapping 7 

= r\T) c Ay 

have dimension 

dim(Z^) > 1 . 

This follows from the upper semicontinuity of fiber dimensions, since it holds for 
generic points r in 7(Ay). Notice, the image 1^ = py{Zt) in Y 

Zc^Ay^T*{X) 



PY 



PY 

— ^Y 

has the property that py : Z,- — > 1^ is a set theoretic bijection, since over any 
y e Yj. the points z e Z^- are uniquely determined by the condition 7(2;) = r. 
Indeed, set theoretically, 

Zr^Y^x{r} CX X T*(X) = T*{X) . 

Now assume r 7^ 0. Then r defines a nontrivial linear form 

T : To{X) ^ k 

whose kernel contains all tangent vectors in Ty(Y), considered as vectors in Tq(X) 
via a translation hy y e X. In particular all tangent vectors in Tj^(y^), at regular 
points y of y^, are contained in the kernel of the linear form r. 
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So, for given r 7^ 0, let us fix some point y = y,- in 1^. 

Then Y^- — y^- contains zero, and the abelian subvariety X' of X generated by 
Yr — t/r is a nontrivial abelian subvariety X' C X. Indeed dim(yT-) > 1 implies 
X' ^ 0, and t{To{X')) = implies X' ^ X. Furthermore by construction of X' 

ZrGVr + X' . 

In this situation, a priori, the abelian variety X' = X'{t, y) may depend on the 
choice of T e 7(A) and also on the choice of y = yr in Y^, so that 



Y ^ 



Fyr^YH (y, + X'{t, yr)Y X 

and 

y= u 

Te7(Ay) 

Rigidity Property. For all r in a Zariski open dense subset of'^^Ky) and all 
yr in a Zariski open dense subset ofYr, the abelian variety X' — X'{t, yr) does 
not depend on the choice ofr and yr- 

Proof. There exist only countably many abelian subvarieties X' in X, and 
X' — X'{t, yr) depends algebraically on r and yr. Replace k by an uncountable 
extension field. □ 

By the rigidity property we can therefore assume that X' is a fixed nontrivial 
proper abelian subvariety attached toY C X, such that for all y in a Zariski dense 
open subset U cY 

Fg^Yn{y + X')^Yn{yr + X'{t, yr)) 

contains Yr, hence is of positive dimension dim{Fy) > 1; and the image y of y 
inX — X/ X' is irreducible of dimension 

dim(y) < dim(y) . 

To summarize; this shows 

Lemma 3. To irreducible closed Y ^ X with (Y) = X and non-dominant 
Gaufi mapping 7 : Ay Tq[X), there is an abelian subvariety ^ X' C X 
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such that dim(y) < dim(y) holds for the image Y ofY in X — X/X', with the 
fibers of the Gaufi mapping 7 contained in translates of X'. 

Indeed (y) = X can be assumed without restriction of generality. 

In the situation of lemma 3, let us now assume that Y is not degenerate with 
a non-dominant GauB mapping 7, and let us also assume that theorem 1 holds for 
varieties of dimension < dim(y). Then proposition 4 can be applied; it shows 
that the induced GauB mapping 

^■.Y^T*{X) 

is not dominant. Then (Y) — X is inherited from (Y) — X. So suppose 

Y ^X . 

Then, ifY ^ X, we can apply once again lemma 3, now for the pair {Y, X), to 
construct an exact sequence 

Q^X'^X^X^Q 

such that 

• 7 : y ^ ^o*(^) is not dominant. 

Obviously, this construction can be iterated. It must terminate after finitely many 
steps, since 

• • • < dim(y) < dim(y) < dim(y) , 

thus provides an abelian subvariety AC. X containing X', such that the image of 
y in S = X/A is equal to B. 

A closed irreducible variety y in X will be called codegenerate (with respect 
to A), if there exists an abelian subvariety A^ X inX, such that the image of Y 
mB = X/A is equal to B. 

Using this notion, in the situation of the induction step for the proof of theorem 
1, we have therefore shown that for Y closed irreducible of dimension dim(y) = 
d the following corollary holds. 

Corollary 3. Suppose the Gaufi mapping 

^■.Ay^T*{X) 

is not dominant, then either 
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• Y is degenerate, or 

• Y is codegenerate with respect to an abelian subvariety A, so that the fibers 
of the Gaufi mapping 7 are contained in translates of A. 

End of the proof of theorem 1 

To finish the proof of the induction step (i.e. the proof of theorem 1) for 
Y of dimension d with non-dominant GauB mapping, it remains to consider the 
codegenerate case Y — B oi the last corollary 3. Of course, without restriction 
of generality, we can in addition assume that Y is not degenerate. That Y is not 
degenerate implies (by the induction assumption of theorem 1 and proposition 1 
and 2): For a Zariski dense open subset U ofY — B,\hQ GauB mappings of the 
fibers Fy,y e U of the projection q -.Y ^ Y — B dXQ nondegenerate. Indeed, 
if this non-degeneracy holds for a single fiber Fy, where y is supposed to be in 
general position, it holds for all fibers Fy with y in a Zariski dense open subset U 
of F by a specialization argument. 

Assuming all these conditions together, we in fact 

Claim: Y is degenerate. 

This contradiction implies the induction step for the proof of theorem 1. 

To prove the last claim, we use the induction assumption stating that theorem 
1 holds for dimension < d. Recall that in the last section we found 

^A^^X^^B ^0 

such that B = Y , and such that the fibers Z^- of the GauB mapping 7 : Ay — > 
Tq{X) map bijectively to varieties Y^. (ZY that are contained in the fibers 

Fy^Yr\{y + A)zY 

of the projection q : Y ^ Y — B. Here, without restriction of generality, we 
assume that B splits, so that B can be considered as a subvariety of X comple- 
mentary to A. Since Y = IJj^es variety Y is degenerate if all the Fy are 
degenerate for all y in some Zariski open dense subset of Y (using proposition 
1 and 2). Therefore, if Y were not degenerate, by the induction assumption of 
theorem 1 we conclude that the GauB mapping 

ia:^%^t;{A) 
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is dominant for all points y of general position in Y. 

Fix some r' 7^ in T^{A) in general position; fix some y, now with y e U, 
so that 7^ : Aj7- — )> Tq{A) is dominant. Since 7a is dominant and since r has 
general position in Tq{A), there exists 

y ^ Fy c y + Aso that r' is contained in N*{Fy) = h.Fy,y ■ 
Since S is Zariski dense in y = we conclude 

^S,y = ^B,y = {y} X {0} 

in T*{B) — B X Tq{B). Therefore, as explained in lemma 2, we obtain 

Lemma 4. For y in a suitably chosen Zariski open dense subset U ofY = B, 
our assumptions imply that t' (chosen in general position) is in ^'p-^y such that 

In other words: r' E Tq{A) can be uniquely lifted to a point in As^y, once the 
corresponding base point y E Fy over y E U has been specified. 

For the conormal bundle in T*{A) we write A^,, instead of A'^_,. Notice, 
7a : A^, — )■ Tq{A) is dominant, hence generically finite, for all y a Zariski open 
subset UofY. We therefore obtain 

Lemma 5. For fixed r' ^ with general position in Tq{A) and fixed y with 
general position in B, there exist only finitely many points y E Y mapping to y 
(i.e. y E Fy)for which r' is contained in the conormal bundle Ap.^y of Fy at y. 

Combining lemma 4 and 5 we get 

Lemma 6. We have the following diagram 

dense open subset of^{h.sY ^ Tq{X) 

T*(i) 

Uyeul'i^F^ -^o(^) 
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and the image under the lower horizontal morphism of each 7'(A^.) for y & U is 
Zariski dense in Tq[A). 

Furthermore, for r' of sufficantly general position in Tq{A), the points 7(A) G 
T*{X) in 7(A5), which map under T*{i) : T*{X) T*{A) to the point t', 
correspond to points A in As 

X^{y,T)eAs(ZX xT*{X) 

for which the base point 

y = q{y) e B ^ X/A 

ofy can be arbitrarily prescribed within a dense open subset ofB. Once this base 
point y & B is fixed, there exists at least one, but at most finitely many, choices 
for the point y & X such that 

y = q{y) and A = {y, r) = {y, r', f) G A5 

holds for some f in Tq* (B). 

Thus there exists a Zariki dense open subset V C As, such that on V the 
mapping (f = {q ops, T*{i) o 7) defines a (generically) finite and hence dominant 
morphism 

A5 dV^^ B X T*{A) 
X = {y,T) ^ {y,T') . 

For a point r G 'j{As) in general position consider the fiber Zj. C A^. Notice, 
V n is a Zariski dense open subset of Z^- by the choice of r. Furthermore, for 
all points A in ^ fl Z^- by definition A = {y, r) holds; and the fixed r maps to 
a fixed t' of general position in T*{A). In other words: The second component 
T*{i) o 7 of the morphism (p is constant on Z^-. Since (p is finite on V, therefore 
the first component 

q o ps : V n Zr B 
of the morphism (/? is a finite morphism onV Zr, such that 

VnZr3 {y,T)^y^q{y) . 

Since X' C A, using the notations of the argument preceding corollary 3, we 
already know from the beginning of this section that 

Z^Cyr + X' Cyr + A^yr + A. 
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Here we assumed X = A(B B without restriction of generality, and y,- e S is the 
image of under the projection q : X B = X/A. Recall that y^. was some 
fixed chosen point in Yr, and only depends on r. Hence the inclusion Zr c yr+A 
implies 

q O ps{V n Zr) ^ yr . 

Since q o is finite on V H Zr, the intersection V (1 Zr therefore contains only 
finitely many point. But this contradicts dim(y f] Zr) — dim(Z^) > 1, and 
finishes the proof of the induction step for theorem 1 . □ 
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